EXISTENCE OF A SOLUTION TO A VECTOR- VALUED ALLEN-CAHN 
EQUATION WITH A THREE WELL POTENTIAL 

MARIEL SAEZ TRUMPER 
Abstract. In this paper we prove existence of a vector-valued solution v to 

lim v(r cos 9, r sin 6) = a for 9 £ 

- - - T — 'OO 

where W : R 2 — » R is non-negative function that attains its minimum at {ci}f =1 and the 
^— ^ , angles are determined by the function W. This solution is an energy minimizer. 

<n : 

o ■ 

i/-^ , 1. Introduction 

In this paper we establish existence of a vector-valued solution v : M? — » R 2 to the 
. following elliptic problem: 

<; 

' (2) lim v(r cos 9, r sin 0) = c, for 6 

r— »oo 

where : M 2 — » R is positive function with three local minima, given by {ci}f =1 , and 
(NJ | the angles with r?3 = 2ir + 0q> are determined by the potential W (for a more precise 

^^O ■ description on how these angles are determined we refer the reader to definitions ([7]) and 

In [22j an analogous result was proved by P. Sternberg when W has two minima. Later 
r**- ■ on, Bronsard, Gui and Schatzman [6] considered potentials with three minima that were 

equivariant under the symmetry group of the equilateral triangle. Under these conditions 
' they proved existence of a solution to ([I])-©. The system of equations given by (fTJ) was also 

studied in [S] , but the domains considered were bounded and Neumann boundary condition 
was imposed. In that paper, under appropriate assumptions over the potential W, Flores, 
Padilla and Tonwaga established the existence of solutions that join the three minima (ct, 
C2 and C3); however, no precise description of the triple junction was provided. Recently, 
potentials with four minima were studied in [TT], establishing (under several assumptions 
over the potential W) the existence of solutions to ([1]) that connect all the four wells. 

Our interest in this problem is originated in some models of three-boundary motion. 
Material scientists working on the theory of transition layers have found that the motion 
of grain boundaries is governed by its local mean curvature (see |15|.|16j for example). 
These models naturally arise as the singular limit of the parabolic Allen-Calm equation (see 
[2]). The expected relation between grain boundaries motion and the parabolic Allen-Calm 
equation can be described as follows: Consider a positive potential W : ft C MJ 1 — ► R with 

1 



a finite number of minima {cj}£Lj. Let u e : R n — > R n be a solution to 

du € V v W{u e ) 

(3) __ A « e + ^-^ = o. 

As e — > the solutions ii e will converge almost everywhere to one of the constants Cj 
(see [12J, [18J). For every t, this creates a partition of 0, = U^Li^i(^)) where = 
{x G O : u t (x,t) — > Cj as e — > 0}. The interface between these sets correspond to the 
grain boundaries, which evolve under its curvature. When n = 2 and m = 3 the solution 
will describe a "three-phase" boundary motion that might present "triple- points" , namely 
points where these 3 boundaries meet. Bronsard and Reitich [7j predicted that at points 
that are away from the triple points and close to the interface between q and Cj the solutions 

to ([3|) should be approximated by Qj (•"■*) ^ ^ where djj is the distance function to this 

interface and Qj is a solution to the equation 

M CS(A) + Y2M. , 



(5) lim £y(r) = Ci , lim Cij( r ) = c j- 

t — y— oo r — *oo 

On the other hand, close to the triple points it is expected that solutions to ([3]) will behave, 
after appropriate rescaling, like a solution to ([I])-©. However, the existence of such solution 
has not been established in the general case before. This is the main goal of this paper. 

Based on the previous discussion, in order to match the expected behavior of solutions 
to ([3]) near double junctions and the one close to triple junctions, we expect that solutions 
to ([I])-© satisfy an extra condition at infinity. Namely, solutions to ([I])-© should resem- 
ble solutions to dl])-© near the half-lines of direction Q{. We will implicitly impose this 
condition throughout the paper. Therefore, we briefly discuss the existence of solutions to 
dl])-©. For potentials with two wells the existence of such curves was proved by P. Stern- 
berg in [22]. However, the problem is more subtle when considering arbitrary three- well 
potentials, even if conditions analogous to the ones imposed in [22] hold. In [T] Alikakos, 
Betelu and Chen provided some examples of potentials where solutions to ([I])-© did not 
exist for certain On the other hand, they also established appropriate conditions under 
which all these solutions in fact do exist. In what follows we will assume we are in the latter 
case. Namely we assume the existence of Qj for every i and j. This and other technical 
assumptions on the potential W will be discussed in detail in the following section. At the 
moment we state the main theorem of this paper: 

Theorem 1.1. Let W : R 2 -> R be a proper C 3 function that satisfy 

(a) W has only three local minima c\,c-2 and C3 and W(ej) = 0; 

(b) the matrix is positive definite at {q} 3 =1; that is the minima are non- degenerate. 

(c) The hessian of the function W(u) (which we denote by W" ) is positive semidefinite 
for \u\ > K, where K > is a fixed real number; 

(d) there exist positive constants K\,Ki and m, and a number p > 2 such that 

Ki\u\ p < W(u) < K 2 \u\ p for \u\ > m; 

(e) Hypothesis [1\ holds (see the next section for a description on this hypothesis). In 
particular, there are solutions to (^-{Sjj for every i and j. 



Define 

(6) r(d, C2) = inf W5( 7 (A))|V (A)|dA : 7 G ^([0, 1], M 2 ), 7 (0) = Ci and 7 (1) = ( 2 
Consider {aj}f =1 £ [0, 2tt) such that 



suiqi smo!2 sina3 

r(c 2 ,c 3 ) r(ci,c 3 ) r(ci,c 2 )' 

Then for B{ G [0, 2-7r) suc/i i/ia£ 

(8) a< = - 

i/iere is a solution v to (OP-fll). Moreover, there exists a differentiable function eft satisfying 
(djj such that for 

Q{w)= [ {\Dw\ 2 + W(w) - \Dcf)\ 2 - W((f>))dx, 

we have 

g(v) = inf{g(u;) : w G V}, 
for V = [w G C 1 : J R2 — £></>|<£c, J* R2 |w — 4>\dx < 00} . 

We would like to remark that the function <j) in Theorem 1 1 . 1 1 will be defined explicitly in 
the coming section (more specifically in sub-section 12, 2p and it will capture the behavior at 
infinity of the solution u to (H])-©. In the construction of this function Hypothesis (jej) is 
required. Relaxations of this hypothesis are possible, but we will skip them in order to keep 
the presentation simpler. We also want to point out that, as discussed in [7], the definitions 
of cti and Ti imply that a\ + a 2 + «3 = 27r and #3 = 2ir + #o- 

Before proceeding to the coming sections, we would like to briefly outline our proof of 
Theorem 11.11 and its organization through the paper. The basic idea is the following: Let 
Br denote the ball or radius R and let vr solve equation ([T|) in Br with Dirichlet boundary 
condition vr\qb t = <t> (the function (p is defined in equation (fT9j) and captures the desired 
behaviour at infinity, as it is discussed in Remark 12.11 below). The proof of Theorem 11.11 
will be equivalent to show convergence of the solutions vr in an appropriate norm. 

In order to prove the convergence result we use the following key observation: In the unit 
ball we define the function 

u R (x) = v R (Rx) , 

then ur satisfies 

R 2 V v W(u R ) 
—Aur H = for x G B\. 

Hence for e = 4, the function u e satisfies 

V v W_(u £ 
2e 2 

As R — > 00 (or equivalently as e — ► 0) we expect vr to converge to the solution v to (P)-© 
(this will be proved in Section [5]), and correspondingly, we expect the limiting solution u e 
to ([9]) to capture the behavior of v at infinity. Equation ([9]) has been largely studied (see for 
example [5] and [T7] ) . This motivates us to analyze in Section [3] some existing results for ([9]) 
that apply in our context and provide useful information for our problem. More precisely, 
combining results in [3], |13| and [23] and using T-convergence techniques we prove that 
the rescaled u e converge to a function uq in the L 1 norm in the unit ball. Moreover, the 



(9) -Au e + ^p = 0. 



function uq equals Cj in the the angular sectors defined by 9 E (#i-i, 9%) and it is minimizing 
for an appropriate functional (eventually, this property will imply the minimizing result in 
Theorem I l.ip . Hypotheses (jdj and (jej) are essential in this section. However, we would like 
to point out that it is not clear whether they are just technical conditions (which may be 
removed) or not. On the other hand, hypotheses (jaj) and fb|) (which are also used in this 
section) are natural in the context of the problem. 

In order to finish the proof, in Section 0] we show that the convergence holds in a stronger 
norm than L . The main idea in this computation is to use the parabolic version of equation 
© to interpolate between an approximate solutions to (pTJ) in the ball (which we will denote 
by Uq) and the real solution. More precisely, we consider a function h € that is a solution to 

^ -Afc. + ^fi = for xeB^te (Coo) 
at 2e z 

h(x,t) = (j) e (x) for x E dB\, 
h(x,0) = Uq. 

The "approximate solution" Uq depends on e, satisfies Uq = 4> e {x) for x E dB\ and 
(-AUq + V "^f ?) ) (x) -» as e -» point -wise in B\. Using Theorem 14.11 we prove 

that in fact h e and Uq remain appropriately close in time. We conclude by observing that, 
as t — > oo it holds that h e (-,t) — > u t (-). This will imply that in fact u t is close to Uq. Also 
in that section, we use similar techniques to control the convergence in compact domains of 
the sequence v e : Bi — > R 2 given by v e (x) = u (ex). The proof of Theorem 1 1 . 1 1 can be easily 
finished by combining the elements described above. This is achieved in Section [SJ 

We would like to remark that the techniques used in this paper were already used in 
similar problems (see [20] and [2T] ). In general, the method can be extended as long as the 
solutions to ((T]) converge to minima of W as e — > and that approximate solutions with 
the desired characteristics (such as Uq in this case) can be constructed. 

The author wishes to thank the referee for the very useful comments in improving the 
exposition, the Max Planck Institute for Gravitational Physics for providing a great work 
environment and to Rafe Mazzeo and Alex Freire for very useful discussions. 

2. Definitions and preliminary lemmas 

We divide this section into three sub-sections. The first one is devoted to several def- 
initions that will be used in the analysis performed in Section [3l The main objective of 
the second sub-section is to construct the function (j) used in Theorem 11.11 In the final 
sub-section we summarize a collection of existing results that will be used throughout this 
paper. 

2.1. General definitions. In this sub-section we will address several general definitions 
that will simplify the notation in the coming section. 
Define the function gi : R 2 — ► R for any p E R 2 as 

(10) g l (p)=T(c i ,p) 

Where the function T is defined by ©. Notice that T can be regarded as degenerate 
distance function. Hence gi(p) represents the distance of a point p (with respect to the 
distance function T) to the critical point q. 

Inspired in [22] we consider the following assuption: 



Hypothesis 1. Suppose that for every a£l 2 , there exists a curve 7^ : [-1, 1] -> R 2 such 
that 7„(— 1) = Cj, 7„(1) = u and 



(ii) *(«) = y i yW(Y u (t)) I (7n) (t)|*. 

TTie function gi is Lipschitz continuous and satisfies 



(12) \D 9i (u)\ = y/W(u) a.e. 

For potentials with two wells the existence of such curves was proved by P. Sternberg in 
|22j . He also proved that when considering a curve that joins the minima of W, it can be 
re-parametrized by a curve /3y : (— 00, 00) — ► (—1, 1) such that the curves defined by 

Ci;(r)=7iOW) 

satisfy 

/oo 
-oo 

as well as (JU) and ([5]) (where the limits in (0) are attained at an exponential rate). In our 
situation, if we assume Hypothesis [H the previous construction can also be carried out. 
Hence, in what follows we will work under Hypothesis [T] and, in particular, we assume that 
for any pair of minima Cj,Cj there is a solution to dl])-©. 

As mentioned in the introduction, we want to relate equation (HI)-© with the following 
equation in the unit ball: 

(14) -Au e + YlE^A = for x e B 1 

(15) u e \ dBl (x) = <j) e (x). 

where 4> e will be properly defined in the coming sub-section. This equation motivates us to 
define the following functional: 

(16) X (u) = { f& e \ Du ^ + l W ( u ) d y tiu£H 1 {B l )<mdu\ dBl {x) = (i> t {x) 

\ 00 otherwise. 

where u : B x M 2 , cj) € : dB 1 -> E 2 . It is easy to check that weak solutions to (fT4"j) - (fl~5j) can 
be regarded as critical points of (fl~6l) . 

We are interested in studying the limiting problem as e — * 0. More specifically, we expect 
the limit of the solutions u t to (I14|) will capture the behavior at infinity of the function v 
which satisfies dl])-©. In particular, we want to show that it is possible to obtain as the 
limit of the functions u e a function uq that satisfies 



(17) Uo(rcos6,rsm8) = q for 9 £ 



where on = 9, L — Q%-\ satisfy (|7|). Without loss of generality we are going to assume that 
6 = and 9 3 = 2vr. 

In order to study the limit of the functions u e we define the following limit functional 
(that we will show corresponds to the T-limit of the functionals I e ): 



(18) I {u) 



{ El^x^cj)^ (d Bl ni(u)r\d Bl n i+1 (u)) if 9i (u) e bv{b x ) 

+ El J= i r(ci, Cj)Hi ((dUjiu) n dB x ) \ * f ) and u G { Ci }f =0 
oo otherwise, 



where = {x £ Bi : u(x) = q}, </>o(a0 = hm e _»o <f>e{%)i &i = {x £ dB\ : (f>o(x) = q} 

and H\ is the one dimensional HausdorfT measure. 

2.2. The function <fr. As described in the introduction, the function <j) should represent 
the boundary condition at infinity, that is, it should satisfy ©. In particular, we expect 
the sequence of functions <p € (defined by 4> e {x) = 0(f)) to converge to q as e — > in the 
angular sectors of B\ defined by 9 6 (9i- X ,9i) (where the angles 9i are defined by (ff|)-(j5|)). 
Moreover, we will construct a function <j> that away from the triple point, approximates a 
solution to (J9j) (we will make this statement more precise in section H]). 

More precisely, let Lj be the half-lines starting at the origin, with direction #j. Away 
from Li, the function <p is defined by one of the constants Cj (that is, one of the minima of 
W). Notice that in fact Cj are solutions to (I14p . Near the half-lines Lj, the function <j> will 
be equal to an appropriate solution to fl3J) (that we denote Qj), evaluated at the distance 
to Li. These functions are approximate solutions in the sense to be discussed in section [H 

We summarize the description above with the following equations: Consider a smooth 
function r\ : R 2 — > R such that r}(x) = 1 when |x| < | and f](x) = for |x| > 1, the distance 

di(x) = d(x,Li), 

and a partition of unity {r/i}f =1 associated to the family of intervals {Aj}^ =1 , where 

A 2i = (9i-5,9i + 5), 



$ & 

Azi+i = ( Oi + -, 9i + \ — - 



Now we define 



(19) </>(l) = (1 - T,(X)) 7U(»)0S + >»(»)0il (*(*)) + (lK(»)&+l(*W) + IM-lWci) 



\ i=l 

and 



(20) £ (x) = ^ 



Notice that since Li is a half-line we have that ck (j) 

Remark 2.1. The functions 4> 6 are not only well defined on the boundary of B\, but also 
in the interior. Moreover, under these definitions we have that 

4>o{x) := lim^ e (x) = uq{x) a.e. 

Furthermore, in Section^will be shown that near the boundary (more precisely for \x\ > 
e a ) the function <j) t is an "approximate solution" to the equation f7J) (in the sense that for 
every x holds (^—A(f) e + ( x ) _^ q as e _» q J yy e w m prove that in fact for every 

a < 1 holds sup e a < i a .i < i \u e — <j> € \ — > as e — > 0. Correspondingly, for v t : i?i — ► R 2 defined 
by v e (x) = u t {ex) holds sup ea -i < | a .| < i \v t — <j>\ — ► as e — > 0. 



On the other hand, it is not expected that the functions (f) t are good approximations to 
the solution inside the ball of radius e a (or correspondingly, 4> is not a good approximation 
of v e in the ball of radius e a ~ l ). This can be illustrated as follows: The choice of the 
functions <p t in A2(J\) flexible as long as the features described above are preserved (namely, 
for \x\ > e a they approach uq and they are an approximated solution to the equation). 
For example, it is possible to consider 4> € {x) = <fi (f +ln(e)xo). ^ n f ac t> S or ever U k € N 
holds swpi x i >e a \D k (p e — D k (f> € \ — ► as e —>■ 0. However, for every a < e 1_a we have 

mincj < sup| x | <ea <fie{%) — 4>a (^f) , which contrasts with the second inequality in Theorem 

\4-l\ In particular, it is clear that 4> cannot not be a good approximation of the solution 
inside the ball of radius e a . Similarly, it is not expected that (j) t approximates the solution 
u t inside the ball of radius e a ( or that the corresponding function v e would be approximated 
by 4> inside the ball of radius e a ~ l ). 



2.3. Techinal Lemmas. Now we state some technical lemmas. The first one was originally 
proved in [19] : 

Lemma 2.1. Let u e {x) G C 2 satisfy ([i^[ )-(f75] ) . where W : M? — > M is a proper function 
in C 2 bounded below, with a finite number of critical points (that we label as {cj}^!l ly ), and 
such that the Hessian ofW(u) is positive semidefinite for \u\ > K for some real number K . 
Suppose that the functions <p e are uniformly bounded. Then there is a constant C depending 
only on uniform bounds over <j) t and W, but not on e, such that 

sup |n e | < C. 
Proof. Consider uj t (x) = W(u e )(x); then 

-Acj t = - ^2(V v W(u e ) ■ (u e ) Xi ) Xi 

= -(W"(u e )Du e ) ■ Du e - V v W(u e ) ■ Au t , 

where W" denotes the Hessian matrix of W and the dot product between two 2x2 matrices 
is the standard dot product in M 4 . Since u € satisfies (fTi|) . this becomes 

\W'(u )\ 2 

(21) - Ato e + 1 y 1 + (W"(u e )Du) ■ Du e = 0. 

If the maximum of uj t is attained at the boundary, then it is bounded by the maximum 
oiW{4> e (x)). 

Suppose that co e has an interior maximum at xq and |tt e (xo)| > K. Since xq is a maximum 
for uj £ , it holds that Au> e (xo) < 0. We also have by hypothesis that W"(u) is positive 
semidefinite for \u\ > K, hence 

+ \D u W(u e )\ 2 + (H/ // (ne)jDUe) . > Q _ 

The inequality is strict (which contradicts (f2T|) ) unless 

\D u W(u e )\ 2 



c2 



(W"(u e )Du e ) ■ Du e = 0. 



If V v W(u e (xo)) = 0, we would have u t (xo) = Ci for some i and this implies (since the 
maximum is attained at this point) that W(u e (x,t)) < W(cj). Hence we have uj t < 
max{sup| u |< x W(u e ), W{(j) e ), max i=L .. m W(ci)}. 



Since W is a proper function, we conclude the result of the Lemma. □ 

We will also use Lemma A.l and Lemma A. 2 in [1]. We restate them here without proof: 
Lemma 2.2. [Lemma A.l in [3]/ Assume that u satisfies 

-An = f on ncR n 

Then 

(22) \Du(x)\ 2 < C (||/|U« (n) H| r oo (n) + ^(^^ ll^lll-w) v* E n, 
where C is a constant depending only on n. 

Lemma 2.3. [Lemma A. 2 in [3]/ 
Assume that u satisfies 

-Am = f on QcR n 
u = on 80, 

where f2 is a smooth bounded domain. Then it holds 

(23) \\ Du \\ 2 L^{n) <C||/IUoo(n)IMUoo(n) 
where C is a constant depending only on fl. 

3. Convergence in L 1 

In this section we show that solutions u e to equation Q14|) - (|15| ) converge in L 1 . More 
precisely, we prove the following result 

Proposition 3.1. Let uq be defined by J17[ ). Consider I e andT^ defined by (G2J) and < li<j?j) 
respectively. For 4> e defined by $19\ ) -I120\ ) there exists a sequence of minimizers u e ofI t , such 
that Z e (n e ) — ► Zq{uo) and u e — ► no in Lr . 

As stated in [23] , when considering the Neumman boundary condition problem, Proposi- 
tion 13.11 follows from results in [3] , [13] and [23] . In what follows we are going to state these 
results and point out the necessary modifications in our setting. 

Theorem 3.1. (|23jj Let uq be defined by Ji7| ) and Ci = {x £ 0, : uq(x) = q}. Consider a 
domain Q and partition (E,F,G) ofQ. Define 

T(E, F, G) = T(c ll c 2 )H 1 (dnE f] 8 n G) + T(a, c 3 )ili(d f >£ f| 8 Q F) 

+ r(c 3 ,c 2 )H 1 (d n Ff)dnG). 

Then the partition formed by C\ , C 2 and C3 is an isolated local minimizer of T ', that is 

(24) T(C 1 ,C 2 ,C 3 )=minF(E,F,G) 

where the minimum is taken over all the partitions (E, F, G) of fi satisfying the condition 

(25) \CxAE\ + \C 2 AF\ + |C 3 AG| < 5, 
where 5 is some small positive number. 



Remark 3.1. The proof of Lemma 3.1 in |23] implies that this 5 can be uniformly chosen 
for balls of all radii. 



Theorem 3.2. (Theorem 2.5 in Let 

~ , ( L e\Du\ 2 + -W(u)dv ifu€LH l {VL) and fr,u(x)dx = m 

(26) -Le.Q{U) = < U 6 • U 

{ oo otherwise. 

and 
(27) 

f EL=i r ( c ^ c J') F i (^^Hfl^^W) if9i(u) G /ori G {1,2,3}, 

Io,!lW = s W(u(x)) = a.e. and J^u(x)dx = m 

oo otherwise 

It holds for every eh — > that 

• For every u eh —* it m L 1 (il) we /ioue i/tat To (it) < liminf/ l _ +00 X eh (tt £h ) 

• There is u eh — > it in L 1 (fi) suc/t £/tai 2o(u) > limsup^ 00 2" eh (n eh ) 



Proposition 3.2. f Proposition 2.2 in [3]j The function gi is locally Lip schitz- continuous. 
Moreover, if u G iT (ft) (J L°°(ft), £/ten <?i(tt) G Pf^'^ft) and t/te following inequality holds: 

(28) / | D (ft (u)) | < / v^(u)|lHdx. 



Remark 3.2. Following the proof of Theorem VS .2\ in [3j it is east/ to see that the restriction 
J^u{x)dx = to, imposed by Baldo in his work, can be removed from Theorem \3.2\ without 
modifying the proof. 



Theorem 3.3. |13j Suppose that a sequence of functionals {Z t } and a functional Zq satis- 
fying the following conditions: 

(1) if w e — » wq in L 1 (Q) as e — > 0, then liminf Z e (w e ) > Zq(wq); 

(2) for any wq G L 1 (f2) there is a family {p e } e> Q with p € — ► wq in L x (ft) and Z e (p e ) — ► 

(3) any family {w e } €> o such that Z e (w e ) < C < oo for all e > is compact in L^ft); 

(4) there exits an isolated L l -local minimizer uq ofZ^; that is, Zq(uq) < Zq(w) whenever 
< \\uq — w\\l1(q-\ < 5 for some 5 > 0. 

Then there exits an €q > and a family {u e } for e < eo such that u e is an L 1 -local 
minimizer ofZ e and u e — ► uq in L 1 (0) 

Theorem 13.21 establish conditions Q] and [2] of Theorem 13.31 for Z e> Q (defined by ([26]) ) and 
To (defined by (|27j) ). Theorem 13. II establishes that uq is a local minimizer for Io t n (condition 
H] of Theorem 13. 3p . We need to show that these theorems imply that the conditions of 
Theorem 13.31 also hold for Z t and Zq (defined by (|16|) and (|18p . respectively). In addition, 
we need to prove that condition [3] holds for these functionals. 

Lemma 3.1. Theorem \3. 1\ implies that uq is a local minimizer for Zq. 

Proof. Let Q = {x G B\ : uq{x) = q} and for any w let ftj(w;) = {x G B\ : w{x) = Cj}. 
Consider 5 for B\ as is Theorem 13. II We are going to show by contradiction that for every 
w such that w(x) G {cj}? =1 almost everywhere and 

|d (u;)| + \C 2 An 2 (w)\ + |c 3 An 3 («OI < 6 



holds that 

Io(u ) < Tq{w). 
Suppose that there is aw such that 

(29) ICiAOiHI + \C 2 An 2 (w)\ + \C 3 An 3 (w)\ < 5 
and 

(30) l (u ) >l (w). 
Consider a > and Bi +a . Define 

2f(«)=J 6 , fll+ >). 

Notice first that uq (given by (]17p ) is well defined for every x G M 2 . In particular is well 
defined for every x G B\ +a for any a > 0. Hence, we can define 

w(x) if x £ Bi 

u (x) if x G 2?i +(T \ -Bi 



(31) u/ CT (x) 
Let 



Cj = {x G Bi +(7 : u (aj) = a} 
^i(iu) = {x G Si +(T : wT(x) = a}. 
Using definition (|3ip and equation (I29D we also have 

(32) ICiAOiHI + \C 2 An 2 (w)\ + |C 3 A0 3 H| < 5. 

Notice that every subset on the boundary where w does not agree with no becomes an 
interior boundary term for w a in B\ +(T . By the definition of definition Xq we have that 

3 

Z%{w a ) = lv{w a ) + r(ci, Cj) 

and 

3 

Inequality (|3Up implies that 

(33) Iq(w' 7 ) < Xq{uq), 

which together with (|32p contradicts the local minimality of uq given by Theorem l3.ll □ 

Proof of Proposition \3.1\ In what follows, we are going to show that Theorem 13.21 and 
Proposition 13.21 imply conditions [T] and [2] of Theorem 13.31 for the functionals defined by 
CED and CEE}. 

Recall that 4> t is given by (|2"U|) . 4>o = lim^o 4><l an d <fto = uo a.e. 
Proof of condition Let 

(34) w € —* wq in L . 

As in the proof of Lemma 13.11 consider a > and define 

(35) J £ »=J e , Bl+ », 



(36) <(x) 
and 

(37) <(x) 



w € (x) if x £ B\ 

(f> e (x) if x G .Bi +(7 \ Si 



ioo(^) if x G -Bx 
00 (x) ifxG5i +(T \5i 

Notice that again the boundary portions of wq that do not agree with 0o become interior 
boundaries of w®. Hence, as before, if Iq(wq) / oo we have that 

3 

(38) Jq" (u; ) =l (w ) + aY / T{ci,cj). 

Using (jM)) and definitions (|36l) and (|37|) we have that 

< -» in L 1 . 
Theorem 13.21 and Remark 13.21 imply that 

(39) 2JK)<IimkifIfK). 

e— >0 

We can explicitly compute that 

3 

(40) j £iBl+CT \ Bl (0 £ )^a^r( C4 , Cj ). 

It is also easy to check that 

(41) l°{w e )=l e {w t ) +X e>jBl+ffVBl (0 e ). 
Equations (00]) and (jUJ) imply that 

T°{w e ) — > oo if and only if I e (w e ) — > oo. 

We can assume that liminf e _>o ^e(w € ) < oo (otherwise the result is trivial). Equations 
(USD, H3S), (HU) and dUJ imply that 

3 

T (u; ) + cr ^2 T(a,Cj) =1q(w ) 

<hminf JfYt/jf) 

3 

= liminf Z e (w e ) + <r r(cj,Cj). 

This implies 

2^0(^0) < liminf I e (w e ), 
which proves the result. □ 



Proof of condition The proof of condition [2] follows directly from the proof in [3] of 
the equivalent statement. Hence, we are going to follow Baldo's proof, use some of his 
constructions and point out the necessary modifications in our setting. For more details, 
we refer the reader to [3]. 



As in the proof of condition [H let be defined by (j35H , that is 

T°(u)=i e , Bl+a {u). 

Consider wq G {cj}f =1 , such that To(^o) < oo (otherwise the result is trivial). As before, 
we extend the domain to B\ +(T , for some a > 0, and we extend wq by 4>q outside the unit 
ball. We label this extension as Wq . 

Let p a t be the sequence of functions given by Theorem 13.21 that satisfy p a e — > Wq in L 1 
and Zf(p e )-2£«). 

q 

We can write wq — A-li=i ^ilfij - The functions constructed by Baldo in [3| are uniformly 
bounded functions, that e- near the boundaries <9f2j P| dftj f] B\ +<T are equal to the geodesic 
Qj. In the interior of f2j, approaches q uniformly. In particular, we have that p e — > u>o 
almost everywhere and it is uniformly bounded. By dominated convergence theorem we 
have that the restriction of pi to £>i, that we will label as p t , converges to wq in the L 1 
norm. 

As in the proof of HJ we have 

3 

(42) Iq (wq) = JoK) r(cj, Ci ). 

i,i=l 

By the definitions of , X e , and p e , for every a > holds that 

(43) Xf(^)>J e (p e ). 
Combining (|42p . (|43p and Theorem 13.21 we have 

3 

Jq(w ) + cr ^ r(c i; cj) = 1q{wq) 



e— >0 



> lim2: e (p e ). 

e— >0 

Taking a — > follows that 

^o(^o) > limT e (p e ). 

e— >0 

Combining this equation and Condition [T] (that we proved above) we conclude that 

^o(^o) = lim J e (p e ), 

e— »0 

which finishes the proof. □ 



Proof of condition^ We will follow the proof in [22J. Suppose that Z e (w e ) < C < oo for 
some family {w e } e> Q. 
Define 



G e {x) = gi{w e (x)). 



Proposition 13.21 implies that 

\DG e (x)\dx < [ y/W(w £ )\Dw £ \dx 

<e I \Dw e \ 2 dx + - [ W{w e )dx 

J Br e JBx 

<C. 

Hypothesis ([d]) of Theorem 11.11 implies that w e are uniformly bounded in L V (B\) for some 
p. Hence, G t are uniformly bounded in L l {B\) and 

l|G ! e||By(Bi) — 

Since bounded sequences in BV are compact in L 1 ([9]), there is a subsequence G e con- 
vergent to Go in L . This function Go takes the form 

( if x G Gi 
G (x) = I gi(c 2 ) if x G G 2 
[ 9i (C3) if a; € G 3 . 

Since c\ is the only value x such that = and g\ is continuous, we have that there 

is a subsequence {w tj } that converges in measure to c\ on C\. The uniform bounds in LP 
(provided by hypothesis ([d])) imply that {w ej } converge on C± also in the L 1 norm. The 
proof can be finished by repeating the same argument for g 2 and 53. □ 

Since Lemma 13.11 implies condition of Theorem 13.31 using that theorem we conclude 
the result of Proposition 13.11 □ 

From Theorem 13.31 we conclude the following corollary: 

Corollary 3.1. Let uo be defined as in Theorem \3.3l Then there is a subsequence of the 
family {u e } that converges point-wise almost everywhere to uq. 

4. Uniform Convergence 

In this section we focus on improving the convergence bounds proved in the previous 
section. Namely, we prove 

Theorem 4.1. Fix < a < 1. Let < a < e l ~ a then for every m > there is a constant 
C (that might depend on a and m) such that 

sup \u e - (p e \ < Ge m . 

\x\>e a 



sup 



u t {x) - u 



ax 
e 



< Ce r 



There are two main ingredients in the proof of this theorem. The first is the construction 
of a function U$ that satisfies U^(x) = <j> e (z) for x G -Bi \ -B e a, U$(x) = u e (£p) for x G 



and 



V„W(C7*) 



— > point- wise; the second one is Theorem 14.21 The idea is the 

following: We consider U$ as the initial condition for the parabolic equation ([3]) in the unit 
ball. Since [/- is almost a solution to this equation, we expect that the actual solution to ([3]) 
will stay close Ug. This assertion it is ensured by Theorem 14.21 However, in order to apply 



that theorem is necessary to consider solutions to an equation with boundary condition. 
For this reason, instead of considering equation Q we take ([58l) - (f59|) - (f60]) (which correspond 
to subtract the function from the solution to ((HI) )- We finally conclude Theorem 14.11 by 
observing that our solution to © converge to u € as t — > oo. 

We would also like to remark that the minimizing property of solutions u e will not be used 
in this section. In fact, the construction presented here would work for any type of critical 
point of the functional I t with the appropriate boundary values. However, the minimizing 
property will be used again in section [5] in order to show the minimizing statement of 
Theorem II. H 

Now we proceed with the construction of the function Uff. Since this functions depends 
also from other parameters besides e (such as a above and a, which will be shortly intro- 
duced) the subindex q stands for q = (e,a,a). 

Let 

v e (x) = u t (ex) and, 




Consider a positive function -q : R — > IR such that r)(x) = for |ar| < \ and r\{x) = 1 for 
\x\ > 1. Fix < a < 1 and 

(44) E = 2e a — e 2m + 4 -«. 
Then define for y GM 2 the function 

^) = v(Je\v\ + i--Ie)- 

Notice that the function rj a (y) satisfies r] a (y) = for \y\ < e Q_1 — ^ an d T] a (x) = 1 for 
\y\ > e Q_1 . Moreover, defining 

it satisfies rj^ (y) = for \y\ < e a — E (where E is defined by (JSJ)) and rf a (y) = 1 for 

|y|>e Q - 

We will denote by Hq the heat Kernel in $7 C M. 2 . A more detailed description and some 
properties of the Heat Kernel can be found in the Appendix. 
Let 

(45) Q = {(e, a, a) G (0, 1] X (0, 1] X [0, 1] : a < e 1 ^}. 
Define for q = (e, a, a) £ Q the function 

Vqiv) = Va(y)4>(y) + (1 - Va{y))v a (y)- 

Now we take 

Let us denote by Cs the set of continuous functions from S to M 2 . For q as above consider 
the function F$ : C Bl x [0)T] x C Bl -> C Bl x [0 ,t] defined by 

F^h,x/j)(x,t) = I f n Bl {x,y,t-s)(-V v W(h + V tf )( y ,s) + AV (r )dyds 
JO JBi 

+ / H BL (x,y,t)4>(y)dy. 

JBi 



Notice that, for a given ip, Duhamel's formula implies that, if there is a fixed point 
of Fcf(-,ip), it would satisfy 

(46) ^. AlHf + Y^M±M = AViinBl 

at Z e 

(47) h(x, t) = on d.Bi 

(48) h(x,0) =i>(x). 

The next lemma shows the existence of such a fixed point: 

Lemma 4.1. Fix a uniformly bounded continuous function ip t and q£Q, where Q is defined 
by (f^5| ). The function F^^ip) : Cb iX [o,t] ~~ ► C,Bix[o,T] ^ as a unique fixed point that we label 
hg-^. Moreover, for K > and functions satisfying \w^\ < K, there are constants M 
and (3 (that might depend on K), such that for every T > holds 

sup \wf-hf^\ < 1 I 2 sup \F$(wf,il)) - w$\ 

(49) + sup \wf- h^\(x,T) 
We postpone the proof of this Lemma to the Appendix. 

From Lemma HU] we can prove the following theorem (which provides one of the essential 
tools in the proof of Theorem 14.10 : 



Theorem 4.2. Under the hypothesis of Lemma \4-l\ one of the two following alternatives 
hold: 

(1) lim n _ oo sup BiX[0)T?i] \w n - ft&,vJ -» 0, or 

(2) there is a constant C, independent of q n and T n such that 

(50) sup \w n -h^ n \<C sup \F$ n (w n , ip n ) - w n \. 

Bi X [0,T n ] Bl X [0,T n ] 

Remark 4.1. Notice that in Theorem \4-2\ it is possible to choose T n = oo /or every n. 

Proof of Theorem \4-2\ Consider sequences of continuous functions ifj n ,w n satisfying 
su P_Bi I^Vil) su P_Bix[o,T n ) \ w n\ < ^ an d <fn G Q- Suppose that neither (fT]) nor ([2]) hold. Then 
there are subsequences such that 

(51) lim sup \w n - %„,</,„ | t 4 anc b 

en 

(52) sup - hf n rf n \ = n sup \F$ n (w n , ip n ) - w n \. 

Bj_ x [0,T„] Bj^ x [0,T„] 

The a priori bounds shown in Theorem IA-21 and the boundedness hypothesis imply that 
there is a constant independent of n such that \w n — h^ n ^ n \ < C. Then, (|52p implies 

(53) sup \Fq n (w n ,ij) n ) - w n \ -»• 0. 

Si x [0,T„] 

en 



Applying inequality (|49p recursively we have that for every < T < oo there is a constant 
that depends on T (but independent of q n ) such that 



(54) 



sup \w n - < C(T) sup \F? n (w n ,i/) n ) - w v 

Sj_x[0,T] Bj_x[0,T] 



Therefore if the T n are unifromly bounded, case © holds trivially, which contradicts (|52|) . 
Hence we may assume T n — * oo. We will show that in this case 

lim sup \w n - hff dj ->• 0, 

^ M BiX[0,T„] 

en 

contradicting a ([5T]) . 
Let 

r = {(S , n ) neN : < S n <T n , lim sup |u% - /t^wj ->■ 0}. 

en 

For the set of sequences in M + we consider the topology defined by the basis of open sets 
given by B a ((S n ) n( z N ) = {(5 n ) neN : S n > and sup ngN |5 n - S n \ < a} for any a > 0. 
Notice that in particular inequality (|54[) implies that r is a non-empty set, since at least 
5 n = inf n T n G t. 
Claim: r is open 

Consider (S n ) n G r. Let 5 n = min{>S' n + ^f,T n }. Using inequality (jl9|) we have 



sup \w n -h Mn \ < 

Bj_x[S„,S n ] 



l-p 



2 sup \Ff n (w n , ip n ) - w n \ + sup \w n - h$ n ^J(x,S n ) 

Bj^x[S„,S„] xeBj_ 



Since SVi < T n and 5 n G r, taking n-toowe have that 

lim sup \w n - h$ n ^ n \ = 0, 

en 

and f?2g H r C r. Hence r is open. 

M 

Claim: r is closed 

Suppose that = (S 1 ^^ G r satisfy S k —>■ S = (S n ) n &s k —> co. By the definition 
of the topology we have that there is a fco such that for every n G N and k > k$ holds 
|S* — S n \ < jj. Using inequality 



sup 



\ w n hgf n ^ n 



< 



1 



1-/3 



Bj_X[S»°,S n ] 

Using that (S^°) n G r and ([53])) when n — ► oo we have 



2 sup |Fg- n (u; n ,^n) - w n \ + sup |u; n - h$ n ^ n \(x, S%°) 
B±x[S*°,S n ] xeB i 



/ 



lim sup \w n -htf n rfj = max < 

""°°8lx[0,S„] 



Therefore 5 G r and r is closed. 



SUp |lO n - hfarfj, SUp l^n-Vn^nl 



0. 



Bj_x[s;°,s n ] 



Since r is open, closed and non-empty we conclude that r = {(S'n)neN : < S n < T n }. 
In particular (T n ) n G r, which contradicts (f5"Tj) and proves the Theorem. □ 



Following the proof of Theorem 14.21 we obtain: 

Corollary 4.1. Consider the sequences ij) mW n , q n 6 Q and T n > as in Theorem 
Assume in addition that there are constants C,m such that sup B x x [o,T„] Wq n { w n^n) — 

w n \ < Ce™. Then for every rh < m holds either 

(1) lim^sup^^] ^-^J _ Q; Qr 

(2) there is a constant C, independent of q n and T n such that 

\Wn — hff ,1, I „ \Fff (Wr, , ib„) — w n \ 

(55) sup — < C sup 1 qnK . ' -. 

B±x{0,T n ] £ Bj_x[0,T n ] e« 

/n particular, there is a constant C such that 

sup \w n - h ?n>i) J < Ce™. 
Bj_ x [o,T„] 



Now we would like to rescale the estimates of the previous Theorem and Corollary to the 
unit ball. Namely, instead of considering the function : Bi x [0, 5,] — ► R 2 we define 

the function k^c : B\ x [0, T] —* M 2 by 

(56) k^(x,t) = hq • 

Notice that under this definition for every e > we can write the left hand side of equation 
(|50l) as 

sup \hg-^ c (x, t) — w e (x, t)\ = sup \kg-(x, t) — wl(x, t)\ , 

BlX[0,^] ' ' BlX[0,T] 

where w e e (x,t) = w e (f , 

Now we would like to rescale the right hand side of inequality (|50p . Notice that by 
applying the function to any function pair of continuous functions w t , 4> 6 we obtain a 
continuous function F^(wl,ijjf) : Bi x [0, ^] — > M 2 , which satisfies (via Duhamel's formula) 
the following eqaution: 



^ AFg<u; e , V e ) + ^ = 111 5 ± x t ' ^f] 



AF^w e , A) + \ = AV ? in B L x [0, 

Fg{w e ,tp e )(x,t) = on dBi 

e 

Fq(w e ,1p e )(x,0) =1p t (x). 



Let us define the function £ ? : C BlX [o,r] X ^B 1 -> C BlX [o,T] as Crfwl, i() e e )(x, t) = F^(w e ,ip e ) (f , 
where as before w\{x, t) = w e (~, 4-) and similarly ipl(x, t) = ip £ (|, XY A simple computa- 
tion shows that for any w\^\ the function obtained by evaluating at (w\,ip\), denoted 
by CAw\,%j)f), satisfies 

— ^ AC^w e ,i/} e ) + ^2 = A[/ 9 - m Si x [0, T] 

£g-«,V> e £ )(M) = on d.Bi 
£ 9 -(<,^)(x,0) =V e £ (x). 



Using again Duhamel's formula we conclude that 



C^(w e e ,tp e e )(x,t) = I I H Bl {x,y,t- s) (_ V -»W(w e + U q )(y,s) 



JBx V e 



(57) 



+ AU$(y)) dyds + [ Hb 1 (x, y, t) ip e e (y)dy. 



In particular, we have that k^ defined by (f56l) is a fixed point of Ccf(-,tp). 
Hence, the right hand side of equation (f50l) reads 

sup \F$(w e ,ip e ) - w e \ = sup \C$(w e e ,ip e )-wl\. 

B L x[Q,^} Bix[0,T] 

In this context we can re- formulate Theorem 14.21 (dropping the super-indeces to simplify 
the notation) as 

Theorem 4.3. Let k^ be defined by 156\) . Then is the unique fixed point of £^(-,ip). 
Moreover, for any fixed K > ciTid sequences of continuous functions ipm 

w n satisfying 

sup \ip n \, sup \ w n \ < K and vectors q n £ Q and T n > holds either 

(1) sup BlX[0iT] \k^ e (x,t) -w e (x,t)\ ^0 or 

(2) there is a constant C, independent of e,a and T such that 

sup \k^ ( (x,t) - w t (x,t)\ < C sup \jC^w e ,ip e ) - w e \, 
Bi x [0,T] Bi x [0,T] 

where q = (e, <r, a). 

Now we can devote ourselves to prove Theorem 14.11 We divide the proof into two steps: 
Lemma 14.21 and Lemma 14.31 

Notice first that the function k^ defined by (|56p is a solution to the following equation: 

2e 2 

(59) k^(x,t) = on dBi 

(60) k^(x,0)=ip. 



(58) Pkw + - \ g f ^ = AUf in B l 



= — dt ^ K q,tp 

denote this solution by k* (instead of k^o). In Lemma 14.21 we show that 



where Pkq-jj = f:^ — Ak^^,. In order to simplify the notation, when ip = we will simply 



lim sup \ktf(x, t) | = 0. 

e_+0 Bix[0,oo] 

In order to do this computation we will use several estimates from the Appendix. Thereafter 
we will conclude the proof of Theorem 14.11 by showing in Lemma 14.31 that for every fixed e 
there is a sequence < t n /" oo satisfying 

lim sup \kJx, t n ) — u t + Ug\ = 0. 
Lemma 4.2. Let kg be the solution to f58\) -[5§\)-{6(J\). for ip = 0. Then 



lim sup \kj(x,t)\ = 0. 
£ - +0 Bix[0,oo] 



Proof. Suppose that 

sup \kg-\ -/-> 0. 

BiX[0,oo) 

Theorem 14.31 implies that (by choosing w t = ip e = 0) 



(61) 



sup \k^\ <C sup | jC^-(0, < 

Six[0,oo) Bix[0,oo) 



Set S e = sup BlX [ 0jOO ) | /3q-(0, 0)| (possibly infinity). Fix 5 > and notice that, by definition 
of supremum, there is a t e such that sup x6Bl \Cq(0, 0)(x, t e ) — S e \ < 5 (or when S e = oo pick 
t e such that sup xeBl |£g*(0, 0)(x, t e )\ > S^ 1 ). 

We will show that, independently of 6, holds sup x&Bl |£g(0, Q)\(x,t e ) — > as e — > (notice 
that this immediately contradicts S t = 00). Recall first that 



(62) CM0)(x,t) 



H Bl (x,y,t- s) 



'0 JB! 

Notice that for Ixl < e a — E we have 



V v W(U^(y,s) 

2 1" AU^y) ) dyds. 



+ AU S 



-V v W{u%) 



+ Au% = 0. 



Hence, (|62|) implies 

(63) 

where 

h(x,t) 



\jCJ0,0)\(x,t) <h(x,t)+I 2 (x,t), 



J{\y\>e a } 



TiB 1 (x,y,t- s) 



(y,s)dyds 



h(x,t) 



J {e<*-E<\y\<e<*} 



H Bl (x,y,t- s) 



-V v W(Ug) 



A(t£) (K - 4> e ) + v(r£) • z? « - 4>e)\ (y, s)d y ds. 



Now we find bounds for I\ and I2 ■ For each of these integrals we will consider two ranges 
for the variable t, namely t <T and t >T, where T > is fixed positive constant. 

• Bounds over I\: 

Since e < e a (when e < 1) we have that for every \x\ > e a the function rj(x) = 
and for such x we have 



1 



A<f> e (x) = ^ e 2 A m C31 do - + mC'31 [do{- 



+ 2eVT] e • Vd (^) C'e (do (^)) + e 2 Ar )5 c i 

3 

+ JVA7/ 2 ;Cm+1 ( di ( _ )) + T l2i(ii+1 (rfi (- 



i=l 



+2eV V2i -Vd i (-)C' ii+i 



di 



+ e Ar] 2i -iCi 



Since the functions r]j depend only on the angle 9 we have that 

A Vj 



■--^r and 



In particular for \x\ > e c 



|v»&| <Wi\ 



\Ar]j\ and 
|Vr/j| <|^|. 

Recall that for £ [#j — i,0i + fl we have t]2i = 1 and rjj = for every j 
Then 



-,v% + - 

2 2 



Now we need to find bounds for 9 £ [9i + §, — 8\ ■ Notice first that 

v"(0) 



\A V (9)\ 
\V V \ 



< 4 < -5- for Id > e Q 



< — < ^ for Id > e a . 
- r - e a ii- 



Notice also that 77^ 7^ only for j = 21, 2i — 1 and 

??2i + V2i-1 = 1- 

Hence 



A0 e 



6^(0)^+! (d< (-)) +7/2^)^+1 U 



1 



+2eVr ?2 ;(0) • Vd, (-J C' ii+1 [dt [-)) + e 2 A mi ^(0)c 

A m m (W u ( x -)) - cO + ^^ ^^ f* ( x - 



- 2 ivr ?2i (0)-Vd i (^)4 +1 (di 



Using Hypothesis [U we have that there are constants K, c > such that 



— c— 

< if^A for Id > e a and 6 



+ -,9 t+1 -- 



Furthermore, for \x\ > e a and 9 £ [9{ + | ,9i+i — f] we have 

\<k\ > e ° sin <5. 

Hence, 



V„H/(0 e 



+ 



< if- 



for \x\ > e a and 9 G 



Now we proceed to find bounds in two different cases: 



(1) Suppose that t <T. Equations (JMJ) and (l68|) imply 

c e a sin <5 ^ 

h(x,t)<K — / / HB 1 {x,y,t - s)dyds. 



J{\x\>e<*} 



Using Lemma I A- II we have 



, e sin 



s 



(69) h(x, t) < K = for every x G B x and < t < T. 



(2) Suppose that t >T 
Let 



fe 



and fix 5 > 0. Now we divide ii in the three following integrals: 

hi(x,t) = / H Bl (x,y,t - s)f e (y,s)dyds, 

Jo J{\y\>^}f]{\x-y\<^} 

rtS 



Ii 2 (x,t)= / H Bl (x,y,t - s)f e (y,s)dyds, 

JO J{\y\>e-}C\{\x-y\>^p} 

hz{x,t)= I j T-iB x {x,y,t- s)f e (y,s)dyds. 

Jt-8 Jttv\>e<*\ 



Then 



h-S J{\y\>e a } 

h = hi + I12 + Ii3- 



By Theorem I A- 1 1 we have that \H Bl (x,y,t — s)\ < , then 
hi{x,t) <C / — - — Thirds 



o 



(t - a) t 2 

SUP| y |> Q / e 



t 2 



-(t-5) 



te 2 ' 

Using again Theorem IA-11 , for \x — y\ > ^*7^ we have \Ti.B 1 (x,y,t — s)\ = 
j] °° J . In particular there is a constant C such that \H B i (x,y,t — s)\ < j, 



then 



r> r 



<t- I f € (y)dy 

i' IB 



Finally, using Lemma lA-ll we have 



d. 

Ii3[x,t) < <5sup/ e < C 



e 2 ' 

Combining the previous estimates we obtain 

— c — - 

e e 

h(x, t) < C — = — for every x £ Bi and t >T. 
e z 

Bounds over I2: 

Using the definitions of Ug, (f) t , Theorem IA-21 and Lemma 12.21 we have 



2 + T}a A <f>* 



c 



Hence: 

(1) For t < T 



h(x,t)<C f I 

JO Je a 



I A«) {h% - 4>e) I < ^ 

|V(^)-L>«-0 e )|<^. 



H(x,y,t- s) ( \ + + ) ch/ds. 



Theorem IA-11 implies that for t — s > e m+2 there is a constant C independent 
of x,y such that — s)\ < £ +i . Moreover, by definition e a < E = 

e «( 2 _ e 2m+4) < 2e a . Hence 



t-e" 

2-2a i A-a\ Jla I tp\2\ 



^^+4 / I 1 + ^ + ^' a ) <£ Ia ~ ~ E ) )ds 



c r* 

/ i _ £ m+2 J Bl 

Using that t < T, Lemma I A- 1 1 and the definition of E we conclude 



+ ~2 f f 'H{x,y,t — s)dyds. 



^)<^ rA E{2e--E) + ^ 
C 



< ^_ e a ( 2m+A- a +(Je m 
— gm+4 

<Ce m for x e B x and < t < T. 



(2) For t > T 

The previous estimates show that the integrand of I2 can be bounded by -Sr. 
Dividing up the integral as we did for I\ we obtain 



t-c"' + ' 2 



h < I I , Ti Bl (x,y,t - s)^dyds 

JO J {e <*- E <\y\<e<*}r\{\x-y\<^} 6 



m+2 



ft- 6 r c 
+ 11 , 'HB 1 (x,y,t - s)^dyds 

Jo J{e<*-E<\y\<e« } □{!*-»[> ^} 6 

+ / / Tt Bl (x,y,t - s)^dyds. 

Jt-e m + 2 J {e a -E<\y\<e a } e 

Using Holder's inequality in the first integral for p < 2 we get 
h< f ' if ^| ( / H Bl {x,y,t-s)dy) ds 

Jo \J{e<*-E<\y\<e"} £ P J \ J {\x-y\< ^} J 

t _ £ m + 2 ^ ^ m+2 

+ / / H Bl (x,y,t - s)- 2 -dyds + C 



-o ^{e«-^?<iwi<6« }n{i^-2/i>^} ' e2 e2 

As before, Theorem IA-11 implies \Hb\\ < an d that for \x — y| > ^ holds 
H Bl (x,y,t- s) = 0((j)"°°), therefore 



I 2 <c 



V e 2 P J t-s\ t 2 



ds 



t _ e m+z ,2m+4 c m+2 

- / {e a --E<|y|<e Q } 



ca x t e 2 e 2 



1 m+2 

u 1 
Therefore, for t >T and p < 2 holds 

( 2m+4— 2p \ 
6 \ +e 2 + e 2 j <Ce 2 

Now we can conclude the result of Lemma by combining ([69]) . ([70]) . (fTTj) in ([72]) in ([63]) 
and ([BT]) . More precisely: 



sup |%| < C- ^— + Ce m < Ce m , 

Six[0,oo) e 

where C depends on a and m. This implies the desired Lemma. □ 

To hnish the proof of Theorem 14.11 we need the following Lemma 

Lemma 4.3. Fix e > and let kg be the solution f5ffj) - l5Pj) -(E2p. Then, there is a sequence 
of times t n f oo sue/t i/iaf 

lim sup i n ) — uAx) + = 0. 



Proof. Corollary IA-21 in the appendix shows that for every t > there is a constant C 
such that \Dk(f(x, t)\ < ~. Similarly, by taking derivatives on the equation, we can find 
bounds over the second and third space derivatives (these bounds will depend on e). Since 
e is fixed, using Arzela-Ascoli's Theorem we conclude for every sequence t n /* oo there is 
a subsequence k^(x,t n ) that converges in C 2 . Let us denote this limit by k??(x) and the 
convergent subsequence {i n }neN as well. 
We will show that k^(x) satisfies 

(73) Afc^(x) = - AUff for x € B x 

(74) kf\ dBl =Q. 

First we need to show that for every r > the sequence ks(%, t n + r) also converges in 
C 2 to k°?(x). Define 



m =1^^ - % ■ A*,) (x, 

Using Theorem IA-21 and the definition of Us it is easy to see that J{t) is bounded below 
for every t. Moreover, taking time derivative we have 

^ = L ( Vkr V( ^ } * + VWi % +U?) ■ (ksh ~ AEV (%)t) (x,t)(te 
VW ^+ U ^ - AUs) • (%)*] (M)d* 
|(%) t | 2 (x,t)cte. 

Therefore is bounded below and decreasing, hence it converges. Moreover for every fixed 
r > 

rtn+T r 

I / \ks\ 2 t {x,s)dxds = J{t n )-J{t n + T) ->0. 

Since for every fixed x we can write k^(x, t n + r) — fc^aj, i n ) = f^ n+T (ks)t(x, s)ds, we have 
that 



rtn+~r r 

ks{x,t n + r) - ks{x,t n )\dx < / |(/s^) t |(ar,a)(ia;da 



<C I / / |(fcg-)t| 2 (x, s)dxds I -> as n -* oo. 



Hence fc^x, i n + r) — A^(x, i n ) converges to almost everywhere. Let us show that this 
convergence is also uniform. Suppose that sup 3;gBl \ks(x, t n + r) — %(x, t n )| 7^ as n ^ oo. 
Then there is a 5 > and a subsequence of times such that 

(75) sup \ks(x,t n + t) - /cg-(x,t n )| > 5. 

As before, there is subsequence of these {t n } that converges uniformly. Since it converges 
almost everywhere to 0, the uniform limit must be contradicting (|75p . 



Since J{t n ) — J{t n + r) — > 0, from the definition for J and the previous estimate we can 
see that 

/ (| Vkg-\ 2 (x, t n ) — \Vkj\ 2 (x, t n + r))dx — > as n — > oo. 

As above we can conclude that this convergence is almost everywhere and uniform. Standard 
parabolic estimates imply that also k^(x, t n + r) — kg{x, t n ) in the C 2 norm. 

Now we can prove that k°? is a solution to the elliptic equation ([73]) . Since kg solves 
equation ^55 ]) -([5U ]> -([BD ]> . we have that for any ip G C°°(Bi) 

{kg{y, t n + 1) - k$(y, t n ))tp(y)dy = 

Bi 

ftn+l r ( V v W(k°?) \ 

jf ^ I Ak^y, t n + r) -j^— (y, t n + r) - AC^ J <f(y)dydT. 

Letting n — > oo we get 



^ f AAf AjLi _ A f7 ? J = 0. 



Moreover, since for every i holds %(a;, £)|asi = it must hold k^\dB 1 = 0. Uniqueness of 
solution implies that necessarily k°? = u e — Ug, which proves the Lemma. □ 

Now the proof of Theorem 14.11 is direct 
Proof of Theorem\4-l\ Fix e > and m > 0. Consider t n as in Lemma 14.3} then 



sup|ii e — U^\ <sup|u e (x) — Ug-(x) — kg(x,t n )\ + sup \k^(x,t) 

Bi Bi Bix[0,oo) 



Taking t n — > oo we have 



< sup \u e (x) - Udx) - hg(x, t n )\ + Ce m . 

Bi 



sup \ u e — Ug-\ < Ce Tl 

Si 



Recalling the definition of we have the result. □ 

It is easy to see that the size of the radius of the inner ball in Theorem 14.11 (that is the 
ball where u e (x) — u a (^-) converges to 0) can be increased to e a . Namely, we let 

Uq{y) = v e a(y)My) + (i - »S(i/)K(v), 

where fj : R — ► R is a positive function such that fj(x) = for \x\ < 1 and fj(x) = 2 for 
\x\ > 1 and 

/ i 2e a \ 

^ )= H^ |y|+2_ ^iJ' 

with E = Ae a - e 2m + 4 " a . As before, a > 0. 
Notice that 

fj M _ J M x ) for \x\ > 2e a 
^ ' \ u a for |x| < 2e a - E ' 

Hence, following the proof of Theorem 14.11 but changing U$ for we have 



Corollary 4.2. Fix < a < 1. Zei < a < 2e 1 a . Then for every m > there is a 
constant C ( that might depend on a and m ) such that 



sup \u e 

\x\>2e a 



< Ce r 



sup 

\x\<e" 



u e (x) - u a 



(t) 



< Ce m . 



Using Lemma 12.21 and 12.31 we can also prove 



Corollary 4.3. Fix < a < 1. Let < a < 2e L a . Then for every m > there is a 
constant C ( that might depend on a and m ) such that 

sup \Du t -D(f) e \< Ce m . 

\x\>e a 



sup 

\x\<e a 



DuJx) — —DUrr ( 



< Ce 1 



Proof. We start by proving the first inequality of the corollary. To prove this inequality 
we estimate separately in two different sets, namely we first prove the inequality for x G 
B 1 _t^\ B e a and then for x <E B\ \ B,_e<x (in fact, in the second step we find a bound in a 

2 2 

larger set: Bi\Bs) . 

4 

We consider the function u e — <ft e in the domain B\ \ B± . Then 



A(u t 



VW(u € ) - VW((p t 



A(p £ H g — 



Using Lemma I2.2I we have for every x € B l £ a \ B e a 



\D(u € 



(x) <C [ SUp \u £ — 4>e\ SUp 



VW{u e ) - VW{ 



<c 



+— sup \u e -<p e \ 
e l-l>f 



M , j. ,2 , 

— sup \u e — <p e \ + \u e — <p e \ sup 
e H>f |x|>^ 



-A4> £ H ^ — 



1 . , . 

+— sup \u e -(p e \ 



A0 e + ™^ 



Using Theorem 14.11 and the estimates for 
a constant C (that depends on m and a) such that 

|D(n e -0 £ )| 2 (^)<C7e m , 

for x E B,_e&\ B e a . 



in its proof we have for m > 



In order to find bounds for x £ B% \ B,_^ we consider a smooth function rj such that 

2 

rj(x) = 1 for x > | and r\ = for x < | and we consider the function r](u e — (j)) (notice that 

in fact this will provide bounds in a larger set, namely B\ \ B3) . Then 77 (u t — (ft) satisfies 

4 

AM* - «) = Arf«, - « + V„V (ll< - « + , ( VIy <"'»- W ^> - A*. + ™) . 

Lemma I2.3| Theorem 14.11 and the previous estimates imply that 

\D(r)(u e - (f>))\ 2 (x) = \D{u e - (f>)\ 2 (x) < Ce m for - < \x\ < 1, 

finishing the proof of the first inequality. 

Now we need to prove the second inequality. Let u%(x) = u a (^p). To prove the second 

estimate we consider u e (x) — utix) in B-^_ . Since 

2 

A(u,-<) = VW ->-'- W «>, 



w(u e ) - vwxo 



e 2 



e 

Lemma 12.21 implies for every x £ -B e c* 

|Z?(n e — u^.)| 2 <C sup |u e — sup 

+— sup |u £ - 

^(i + i) sup k-<| 2 

Corollary 14.21 implies that for every m > there is a constant C such that 

\D(u e -ul)\ 2 <Ce m , 

which finishes the proof. □ 

5. Proof of Theorem 11.11 

Let 

(76) v t (x) = u e (ex). 
It holds 

(77) -Av, + V v W(v t ) = for x G Bi , 

(78) v e (x) = <f>(x) for x G &Bi. 

We define the following sequence of continuous function v e : E? — ► M 2 

v e (x) for \x\ < - 



(79) v € (x) 



(x) if Ixl > 



We will divide the proof of Theorem 1 1 . 1 1 into two different theorems: Theorem 15.11 and 
Theorem 15.21 First we prove 



Theorem 5.1. There is a subsequence of v e such that v t — > v uniformly on compact sets 
as e — ► and v satisfies 

(80) - Av + V v W(v) = for x G M 2 , 

(81) lim \v(x) - <j)(x)\ = 0. 

\x\— »oo 



Proof. Recall first that £ e is given by (179)) . We will use the following strategy to prove 
Theorem 15.11 



(1) Using the results of Section [H we show that v e is a Cauchy sequence in the sup 
norm. Therefore, v e has a uniform limit v. 

(2) Using the definition of v e and the first step we show that the limit v satisfies (181 1 . 

(3) Finally, we represent v e via Green's formula in compact sets. Taking limits, we 
conclude that v satisfies (|80l) . 

Now we prove these steps: 
Proof of Step [T] :{v e } is a Cauchy sequence in the sup norm. 

Consider 5 > and take < a < e < 1. We will show that there is an eo such that for 
every < a < e < eo 

\v e (x) — v a (x)\ < 5 for every x G M 2 . 
We will mainly use Theorem 14.11 and Corollary 14.21 with a = \. 
• If |x| < e~2: 

Notice first, that also holds |x| < <r~2 (since a < e). By the definitions of v t and 
v f we have that 



v e (x) — v a (x) =u e (ex) — u a {ax) 
=u e (y) - Ufj (^p) 



where y = ex. Notice that \y\ = e\x\ < ea. Corollary 14.21 implies that there is a eo 
such that for every e < eo 



(82) \v e (x) — v a (x)\ < 5 for \x\ < e 2 . 

• If \x\ > e~2 and |x| > a~2; 

By the definition of cj) and 4> t we have that 

(f>(x) = <f) t (ex) = (p a {ax). 

This implies 

(83) \v e (x) - v a (x)\ < \v e (x) - 4> e (ex)\ + \^ a {ax) - v a {x)\. 
If \x\ > e _1 , by definition v e (x) = (j) e (ex), hence 

(84) |{J e (ar)-^ e (ex)| = 0. 

For e~2 < \x\ < e _1 , by definition v t (x) = u e (ex). It also holds that \ex\ > ee~2. 
Therefore, Theorem 14.11 implies that there is an ei such that for every e < e\ 

(85) \ve(x) - 0e(ex)| < — for x G B 1 . 



Combining (|84l) and (j85[) we have that for e < t\ 



S i 
| f3 e (a?) — 4> t (ex)\ < — for \x\ > . 



Since a < e < t\ it also holds that 



5 i 
— 0o-(<tx)| < - for \x\ > a~2. 



Equations (|83|). (|86Dand ([87]) imply that 

— < 5 for |x| > e" , > er~2. 

_i _ i 

If e 2 < \x\ < a 2 : 

Let us fix any x in this range and define a = ji. As before, 

^>(x) = </>e(ex) = fo(ax). 

Then, we have 

\v e (x) - v a (x)\ < \v e (x) - <t> e (ex)\ + \(f>a{ox) - u^(ax)\ 



+ 



where y = ax. As before if \x\ > e , by definition 

|£ e (x) - 0e(ex)| = 0. 

If e~2 < |x| < e —1 , by definition u e (x) = u € (ex). Hence, Theorem 14.11 implies that 
there is a e2 such that for every e < £2 

\v e (x) - 4>e{ex)\ < -. 

Combining (|90|) and (j9Tj) we have for e < 62 

5 1 1 

— e (ex)| < — for e~2 < |x| < <t _ 2. 
3 

By the definition of a we have that \ax\ = A = cr2 and it < e. Hence, using 
Theorem 14.11 for a < e < £2 we have 

(5 1 1 

|</>5-(ctx) — Ua{crx)\ < - for e~2 < \x\ < . 
3 

Finally, as \ax\ = a 2 and cr < a < a?, Corollary 14.21 implies that there is a 63 
such that 



8 r - 1 , -1 
< - for e 2 < |x| < a 2 . 



Equations ([92]), (USD and ([M]) in d89j) imply that 



\v e (x) — v a (x)\ < 5 for e 2 < |x| < a 2 . 



Combining equations (I82p . (j88H and (I95p we conclude that 5 e : M 2 M 2 is a Cauchy 
sequence in the sup norm, hence there is a continuous function v(x) such that v e — ► u 
uniformly in M 2 as e — > 0. 

Proof of Step[2} i; satisfies A81\) Consider any sequence of points x n such that \x n \ — > oo. 
Showing that lirrin^oo |v (x n ) — 0(arn)| = is equivalent to (|5T|). Let e n = Then for any 
(3 > the definition of u £n implies: 

\v{x n ) - 4>{x n )\ =\v(x n ) - v tn (x n )\ 
<sup \v(x) - i3 £ „(ar)| 

R 2 

Taking n — > oo, step (pQ) implies that 

lim \v(x n ) - <j)(x n )\ -> 0, 

n— >oo 

which finishes the proof. 

Proof of Step [15} v satisfies l\8U\) 

Let us fix a ball of radius p in R 2 . 

In every fixed ball -B p we can use Green's formula to represent v £ . We have for e < - that 
v e (x) = -[ v € (y)^(x,y)dS(y) + f V v W(v e )(y)K,(x,y)dy, 

JdBp av J B p 

where IC is the Green's function in the ball. Since in B p we have v e — ► u uniformly as e — > 0, 
the function u satisfies 

v(x) = - [ v(y)^(x,y)dS(y)+ f V v W(v)(y)IC(x,y)dy. 

JdB p OV J Bp 

Hence, 

-Av + V„W(v) = for x G 5 P . 

Since this is true for arbitrary x and p we have that v satisfies ()80|) for every x € M 2 , 
which concludes the proof of the Theorem. 

□ 

Now we finish the Proof of Theorem 11.11 by showing 
Theorem 5.2. Let 

V = \ w G C 1 : / \Dw - D(f>\dx, / \w - 4>\dx < oo > . 
I Jr 2 Jr 2 J 

Define the energy functional 

g ( f R2 {\Dw\ 2 + W(w)-\D^-W( ( p))d y tfweV 

\ °° otherwise. 

The energy Q is bounded below and the solution v described by Theorem I5.il minimizes 
Q. That is 

Q(v) = inf Q(w). 
wee 1 



Proof. Define 

(97) g e (w) 



Jo \Dw\ 2 + W(w)dy \{w£H l (B e -i)andw\ dB _ 1 {x) = (t)e{x) 
oo otherwise. 



and consider v e as in the previous Theorem. We will divide the proof of Theorem 15.21 into 
the following steps: 

(1) v t is a minimizer for Q t among w t G H 1 (B e -i). This implies that v e minimizes 
Qe{w) = G t {w) — Ge{4>) in the same class of functions. 

(2) The sequence Qe{v t ) is convergent. 

(3) w£ V. 

(4) For every w in V there is a sequence w e such that w e G H l (B t -\), tu (E |as £ _ 1 (x) = 
4> e (x) and Qe{w e ) — >■ Q{w). 

(5) g e (v e )^g(v). 

(6) Conclude the result using the previous steps. 

Proof of Step (DQ): Notice first that for every w e G -ff 1 {B t -i) satisfying u^l^e^ = 4>{x) 
holds that = w e (|) G H l {B\) and iu||a_B 1 = <fi e (x). Recall that u e is a minimizer for 

Z € (defined by (TTOj) ). that is for every G ^(Bi) satisfying w\\qb 1 = 4>e(, x ) holds 

l e (u e ) < T e {w\). 

Dividing by e and changing variables holds 

-l e (u e )= [ {\Dv e \ 2 + W(v e ))dy<-l e (wt)= [ {\Dw € \ 2 + W(w e ))dy, 
e JBi e JBi 

or equivalently 

Ge(v e ) < g e (w e ), for every w e G i/ 1 [Bi 
By subtracting £/ e (0) we get 

Qe{v t ) < ^e(^e), for every w e G -ff 1 (-Bi 



Proof of Step ([2]): Fix < e < cr. We need to show that G e (v e ) is a Cauchy sequence. 
Namely, we prove that for every 5 > there is an eo such that 

\9e{v e ) - Ga(Va)\ < 8 for E, O < 6 . 

We will study separately two cases: a > \fi and cr < y/e. 



\Ge{v e ) - Q a {v a )\ < 



B X \B } 



(\Dv e \ 2 - \D<j)\ 2 + W(v t ) - W (</>)) dx 



< 



Bi\B_ 



+ / (\Dv e \ 2 - \Dv a \ 2 + W(v e ) - W(v a )) dx 

(\\Dv t \ 2 - \Dcf>\ 2 \ + \W(v e ) - W{cj>)\) dx 

(ll^el 2 - \Dv^\ 2 \ + \w{v e ) - Wiv^ dx 
+ I ( \DvJ> - + W(v^) - W(<f>) ) dx 

+ / (\\Dv € \ 2 " \Dv a \ 2 \ + \W(v e ) - W{v a )\) dx. 
J B \ 



Bj_\B x 



Let u%{x) = v a (|). Changing variables we have 



\QM-g ff M\ < 



[ (\\Du e \ 2 -\D ( j )e \ 2 \ + 


W(u e ) - W((f> e ) 




e 2 



+ 



+ 



B^\B § 



\Du e 



Du 



+ 



dx 

W{u e ) - W(u^) 



dx 



\Du^\ 2 - \D^ 



+ 



dx 



- j B \ \\Du e \'-\Dul\ 2 \ + 



W{u e ) - W{u a ) 



dx 



Notice that since a > y/e we have that — < \fi. Then using Theorem 14.11 and 
Corollaries 14.21 and 14.31 we have that for every m there is a constant, that depends 
on m, such that 



\GM)-g a {v a )\ <Ce r < 



\Ge(Ve) - Ga(Va)\ < 



Bi\Bi 



< 



{\\Dv € \ 2 - \DcP\ 2 \ + \W(v e ) - W(4>)\) dx 
+ I (\\Dv t \ 2 -\Dv a \ 2 \ + \W(v t )-W(v a )\)dx 

JBi 

[ (\\Dv e \ 2 - \D(j>\ 2 \ + \W(v e ) - W(</>)\) dx 

Jb x \Bi 

{\\Dv e \ 2 - \D<P\ 2 \ + \W(v t ) - W{4>)\) dx 
(\\D(f>\ 2 - \Dv a \ 2 \ + \W(v a ) - W(cf>)\) dx 



+ 



Bi\Bj^_ 

- -A 



+ f (\\Dv e \ 2 - \Dv a \ 2 \ + \W(v e ) - W(v a )\) dx. 

7t 



Let u%{x) = v a (-). Changing variables we have 



\Qe(v e ) ~ Ga{Va)\ < 



+ 



f 

Bi\B 



\Du e \ 2 - \D<f) e \ 2 \ + 



W(u e ) - W{<j> e ) 



dx 



\Du a \ 2 - \Dcf> a \ 2 \ + 



W(u a ) - W(<t> a ) 



dx 



+ 



B 



\DuA 2 - \Du%\ 2 \ + 



W(u e ) - W{u%) 



dx. 



Since a > e, we have that > \fa. Then, Theorem 14. II and Corollaries 14.21 and 14.31 
imply that for every m there is a constant, that depend on m, such that 

(99) |&(0-£,K)| <C{e m + a m ). 

We conclude from (|98|) and ([Mil that for every m > there is a constant C such that 

\Ge{Ve)-GAVa)\ <C{e m + <j m ). 

Therefore Ge(v e ) is a Cauchy sequence of real numbers, thus convergent. 

Proof of Step ([3]): Following the same method of the previous step we can prove the the 
sequences J B \Dv e — Dcj>\ and J B \v e — <p\ are Cauchy sequences and therefore uniformly 

bounded. Fatou's Lemma implies that 



/ \Dv - D<p\dx < / \Dv e - D(p\dx < oo, 

JW 2 JBi 

/ \v — 4>\ < / |u e — 4>\dx < oo. 

Jr 2 JBx 



That is u G V. 



Proof of Step fl4]): Consider a smooth function r/ satisfying 77(21) = 1 for \x\ < | and 
r?(x) = for |x| > 1. Define 

w e {x) = rj{ex)w(x) + (1 — r](ex))4>. 

Then 



\Qe(w e ) - Q{w) 



[ (\Dw\ 2 -\D<P\ 2 + W{w) -W(4>))dx 
Jr 2 \b 1 

Ye 

- \ {\rjDw + (1 - f])D4> + Drj(w - 4>)\ 2 - \D(f>\ 2 ) dx 

Jb^b 1 

7 Ye 

+W(r](ex)w(x) + (1 - r](ex))(f>) - W((f>)) dx\ 



<C 



+ 



(\Dw - D(f>\ + \w - 4>\) dx 



Ye 



/ (\r)Dw + (1 - 7])D(j) + Dr](w 

Jb^b J 

e Ye 



<t>)-Dcf>\ 



+C\r](ex)\w — 4>\) dx 



<C 



(\Dw - D(f>\ + \w - (p\) dx 



Ye 



Since w £ V we have 



iim|g e (<)-g(™)| =0. 



Proof of Step © 

The previous step implies there is a v e such that 

&(S e )->0(«). 
Since v t is a minimizer of Q e we have that 

Qe{v e ) < g e {v € ). 

Taking limits when e — ► we have 

lim G(v e ) < G(v). 

In particular, Q{v) is bounded below. Fatou's Lemma allow us to conclude the other in- 
equality: 

Q(v) < \\va.Q(v e ). 

Proof of Step ([§]) Consider w £ V, then take w t as in step Then the minimality of 
v e implies 

Ge(Ve) < Q{w e ). 

Taking limits as e — > we conclude that 

G{v) < G(w), 

which finishes the proof. □ 



APPENDIX 

In this appendix we present a collection of technical results used in the previous sections. 
We start by stating some results about the Heat Kernel, used mainly in Section [H Con- 
sider a ball Bel 2 . Then H B can be described as follows: 

(A-l) {--A x )H B (x,y,t)=0, 

(A-2) H.B(x,y,t) =0 whenever x £ dB, 

(A-3) lim H B {x,y,t) =5 y (x). 

Hence, the solution to the equation 

(j t -A x )u(x,t) =f(x,t), 

u(x,t) =0 whenever x £ dB, 
u(x,0) =g(x), 

can be represented as 

(A-4) u(x,t) = / / H B {x,y,t - s)f{y,s)dyds + / H B {x,y,t)g{y)dy. 

Jo Jb Jb 

We will use this representation to prove the following lemmmas. Let us define P to be the 

heat operator, that is 

(A-5) Pu = —u - An. 

First we prove some bounds over Tis- 
Lemma A-l. It holds that 



(A-6) 0< [ H B ( 

Jb 



x,y,t — s)dyds < 1, 

(A-7) 0< I I n B (x,y,t-s)dyds<(t-s). 

Js Jb 

Proof. The proof follows by maximum principle. Notice that the single-valued function 

v(x,t) = / H.B{x,y,t — s)dyds 
Jb 

satisfies the equation 

(A-8) Pv(x,t)=0, 

(A-9) v(x,t) =0 whenever x € dB, 

(A-10) v{x,s)=l. 

Since the function is a sub-solution to (lA^ - (lA^ - (TAT0|) we have that 

< v{x,t). 

Similarly, the function 1 is a super-solution. Hence, 

v(x, t) < 1, 



which proves (1A-6I) . Equation (|A-7j) follows by integrating inequality (|A-6j) . 

We also include without proof the following theorem (see [10] , [H] for example) . 

Theorem A-l. (Theorem 3.1 in Let M be a n dimensional compact Riemannian 
manifold with boundary. Then there is a Dirichlet heat kernel, that is a function 

H G C°°{M xMx (0,oo)). 

satisfying lA~l\)- lA~^ -tA~^l. 

The smoothness ofTC(x,x,t) may be described as follows 

H(x,x,t) = t~%(A(x,t) + B(x,t)) 

with A G C°°(M x [0, oo)) and B is supported near the boundary, where in local coordinates 
(x',x n ) G U' X [0,8) C M, U' C W 1 - 1 open, one has 

B(x,t) = b (x',^,t\ , b G C^iu' x R + x [0,oo)^) 

TOf/i b(x' ,tp n ,t) rapidly decaying as ifj n — > oo. 

Now we devote ourselves to prove Lemma f4.H We start with the following a priori bound: 
Theorem A-2. Let h e (x,t) :R 2 ^R 2 satisfy 

(A-ll) Ph e + V '» W ^) =oforx£Bl 

2 e 

(A-12) ^M)|sBi =0(x) 

(A-13) ^M) = ^(x), 

where W : R 2 — ► R is a proper C 2 function, bounded below, with a finite number of critical 
points (denoted by {ci}™ =1 ), and sitc/i that the Hessian ofW{u) is positive semidefinite for 
[u\ > K, where K is a fixed real number. Then if h e (x,0) = ip t (%) is bounded there is a 
constant C that depends only on W , 4> and ijj t such that \h e (x,t)\ < C. 

Proof. Consider l e (x,t) = W(h e )(x,t); then 

(l e ) t - Al e = V v W(h e ) ■ (h e ) t - J2(VvW(h e ) • (k) Xi ) Xi 

= V v W(h e ) ■ (h e ) t - (W"{h € )X7h e ) • Vh e - V v W(h e ) • Ah e 
where W" denotes the Hessian matrix of W. Since h e satisfies (jA-ll|) . this becomes 

(A-14) (l € ) t - Al e + \ W '^\ 2 + (W"(h e )Vu) -Vh e = 

We are going to find bounds over l e at the boundary of Bi and over its possible interior 

e 

maxima in terms of max<^>, K, W(cj) and maxW(ip(x)). 

Since for every \x\ = 1 holds h e (x,t) = 4>{x) and 4> is uniformly bounded, we have that 

h(x) < maxW ((/>(x)) for every x G dBi. 



Suppose that l e has an interior maximum at (xo,to) and \h £ (xo,to)\ > K. Since (xo,to) 
is a maximum for l e , it holds that (Z e )t(xo, to) — ^ an d Ai e (xo,to) < 0. We also have by 
hypothesis that W"(u) is positive semidefinite for \u\ > K , hence 

(Z 6 )t - A/ £ + l V "^)l 2 + (W"(^)V^) • V^ e > 0. 

The inequality is strict (which contradicts (ffcUl) ) unless \ VuW J h ^ 2 = (W" (h t )Vh e ) -Vh t = 

0. If V v W(h e (xo, to)) = 0, we would have /t £ (xo,to) = c « f° r some i, therefore W(h e (x,t)) < 
W(ci). From this and the previous computations we conclude that l e is uniformly bounded. 
Since W is a proper function, we have that there is a constant C such that 

\h t (x)\ < C for x £ jBi, 

which finishes the proof 

□ 

By observing that solutions to (|4l)l) - (j4"71) - (j4"51) can be written as h e (x, t) = h e (x, t) — V$(x), 
where h e is a solution to (|A-11[) - (|A-12[) - (|A-13|) we have 

Corollary A-l. Let h$(x,t) : Bi -> M 2 6e a solution to g^-g^-g^j, w/iere W : M 2 R 

is a proper C 2 function, bounded below, with a finite number of critical points and such that 
the Hessian ofW{w) is positive semidefinite for \w\ > K, where K is a fixed real number. 
Then if h^(x, 0) = ip e (x) is bounded there is a constant C that depends only on W, (ft, 
and ip e such that \h^(x,t)\ < C. 

Proof of Lemma 14.11 Let 

C^ lt i 2 j(B) = {w : B x [ti, iz] —* : w is a uniformly bounded continuous function } 

with the standard sup norm. 

Consider some r > and define F^(-,ipZ) : C^ r T+ ^(B e -i) — ► Cj r r+ M] (-^e- 1 ) by 

^)(x, t) = £j B Wfl.-! y. * - *) ^ r( ^ s) + ^ + A ^(y)) 

(A-15) + / H B ^{x,y,t)^{y)dy. 

Notice that Duhamel's formula implies that fixed points of the function FZ(-,ipZ) are 

solutions to (|46f) in [r, r + Hence, in order to prove Lemma [4.1 1 we will use the following 
strategy: For every r, tp T and appropriate constants /?, M we find a fixed point of FZ(-,ipZ) 
in some appropriate space; then we choose ip T appropriately so the fixed points (that were 
found in the previous step) "glue" together appropriately; we finish by showing that in fact 
(1461) holds in the whole domain, as well as (|47l) and (I48p . 

Claim. If there is a constant M such that \ W"\ < M and tpZ is uniformly bounded, then 
F^(',ip^) '■ T+ w^{B e -i) — > Cj r T+ M] (-^e- 1 ) * s defined for each q £ Q, where Q is given 

by g5|j- If additionally for any given r and (3 G (0, 1) we have that i satisfies \i — r| < ^j, 
t/ien FZ(- : ifiZ) is a contraction mapping with constant (5 in C^ r T+ 2p^(B e -i). 



To prove that the function FZ(-,ijjV) : r+ Mi (-^e- 1 ) ~~ > C[ T T+ 2iL}(B t -\) is wen defined we 
need to show that F~(', maps any uniformly bounded function into a uniformly bounded 
function, that is for any function w that satisfies |u>(x,t)| < C for all (x,t) £ B e -i x [r,t\ it 
holds that \FZ(w,ipZ)(x,t)\ < C for all (x,t) £ B e -i x [r,t\. 

By continuity of W we have that if sup B _ lX [rt] I^O^)! — C then there is a constant 
Ci such that sup( x i ) gB _ lX [T,t] |W(w;)(:e, £)| < C\. Using the definition of V$, we can also 
find constants C 2 and C3 that 

|A^| < C 2 

and 

This implies 



\V<h < C 3 



\Fl(w,r?)\(x,t) 

<(Ci + c 2 )/ / n B ^,y,t-T-s)dyds 

Jt JB e -i 

+ sup \ipe(x)\ TC B _Ax,y,t - r)dy + C 3 
< (Ci + C 2 )(t-r)+ sup |^|(x) + C 3 = C< 00, 



for all Hence FZ[-^Z) is well defined for each q £ Q (where Q is given by (JM 

f,thenFI(-,^ 



Now we show that if \t — t\ < jj, then FZ(-,t/jj) is a contraction mapping. 



Since | W"\ < M we have that 

- W'MI < M\wi - w 2 \ 
Then for every x £ B e ~i and t £ [r, i] it holds that 



\FZ( Wl ,^)-FZ( W2 ,psiZ)\(x,t) 



It JB 



n B (x, „,,-.- ^-""K^lH^fa'))^ 



-1 



M(t-r) ,. . 

< sup |^1 — W2\{X, t). 



(x,t)eB _ix[t,J] 



Then for \t — r| < ^ holds 



sup |Fl(wi,V>£) - FZ(w 2 ,ip$)\(x,t) < (3 sup |wi - w 2 \(x,t) 

(x,t)G-B £ _i x[r,t] (x,t)eS e _ix[r,f| 

and FZ(-, tpZ) : f? e -i x [r, r + ^] — > B € -i x [r, r + is a contraction with constant /J. 

We will assume that | W" \ < M and at the end of the proof we will point out the necessary 
modifications in the general case. Fix (3 < 1 and let 

(A-16) r, = *| 



(A-17) U = r, 



i+l) 



with i = 0, . . . , I/3, where the constant /3, Jg G N satisfy -^r-j- < Jg < 2^. By the definition 
of Tj, we have that ii p > t. We will redefine ij^ = i. 



(A-18) F^ = FI(-,^) 

2/3 — ± l i — * 2/3 

By the previous claim is contraction, hence it has a unique fixed point, h 1 ^. That is 
(A-19) F fii (^(x,t)) = ht(x,t). 

Moreover, since this this fixed point is bounded we have that FZiJi^ijj'V) g C 1 '2(i? (E -i x 
(Tj,Tj + i]). Recursively, ht G C°°. From (|A-19p and Duhamel's formula we can conclude 
that (06]) and hold for t G [t^]. We also have 

(A-20) 4(x,r i ) = Vp(x) 

for G x (Ti,ii). 

Now define recursively ■05 (^) : 

(A-21) ^(x)=^(x) 

(A-22) ^M^Wi)- 
Then h^(x, t) defined by 

(A-23) h$(x, t) = h\(x, t) for t G [r h U] 

satisfies (146 p for t ^ Tj. Moreover, by writing 



ft r -W'ihf 1 +Vg)(y,s) 
h l ^\x,t)= / Hb.Ax^^-U-s) q — dyds 

Jti JB^ 2 

+ / HB e ^{x,y,t -ti)hf(y,ti)dy, 

standard computations show that satisfies (jl6|) for every t. Since also satisfies (j4"Tl) - 
(|48p we have that fog- is the desired solution. In particular, this implies that is the fixed 
point of F^. Uniqueness follows from the fact that fixed points of contraction mappings are 
unique. 

In order to prove equation (|49|) we observe that since is a fixed point of FZ, standard 
computations imply for any function 

\h$-w^ < — — r sup l-FJOf) - w$\ 
(A-24) < — ^ sup \FZ(w tf )-F (r (w cr )\+ sup - w f | 

P \^ £ _ iX [t,t+§§] Be _ lx[T!T+ M] 

The definitions of FZ and -F^ imply that 



and 



Using DuhameFs formula we have 

F } 0<?) ~ F q{ w q) = / %_! (x, y, t - r)(h^(y, t) - FJw$)(y, r))dy. 



B 



Together with Lemma |A-1( this implies 



sup \FZ(w$) - F$(w$)\ < sup \h$(x,T) - F$(w$)\(x,t). 

B-lX[r,r+|] fi E -l 



Using (|A-24p we conclude inequality (|4U 

1 



\h$-w$\ < - ( 2 sup \F$(wf) - w$\ + sup \h$-w$\(x,T) 



For the general case (that is when there is no constant M such that \W"\ < M) we fix 
K > large enough. Then we replace W for a function that satisfies: 

• there is an M such that \W"\ <M, 

• W(u) = W(u) for u < max{2C, K}, where C is the constant given by Theorem I A-21 

• W has the same critical points as W. 

Then, our previous computations imply that there is a unique solution to 

( A-25) Ph ? + V 2 g q - + AVf = 

(A-26) /i(f(aO = for every x G dB e -i 

(A-27) ^(x,0)=^(x). 
Moreover for w^- as in the hypothesis holds 

IV - w d - I 2 S " !> ^'<7' "'v') - "',r! i- sup |// <7 ( r. r) - <r, 7 (.r. 



Mi B„ 



where F$ is analogous to F^ substituting W for W". 

However, following the proof Theorem lA-2l we also have that |/i<f|(x, t) < C, where C is the 
constant given by Theorem IA-21 This fact and the construction of W imply that h e is not 
only a solution to (IX^ - (IX^ - (lA^27l) . but also to (j4"fij) - (|4"7j) - d4"Rj) (since within this range 
W = W). Moreover, for satisfying < K we will have F^w^) — Wg- = F^(w^) — w^, 
concluding that (|49p holds and finishing the proof of the Theorem. □ 



Theorem A-3. Let be a solution to J^6|j-|77|j-(f^[j, then there is a constant K , inde- 
pendent of q, such that for every x £ Bi 

(A-28) \Dh$\ < K. 

Proof. Recall that h$ is vector- valued. We will denote the coordinate i-th of the vector 
by fit and, similarly, {VW (h^]) % is the the ith coordinate of VW(h^). We are going to 
prove separately that for each coordinate that there is a constant Cj such that \Vh l J < Cj. 
Let / : {(x, y) : y > 0} — > Bi be defined by 



In complex number notation, we can write for z = x + iy 

z — i 



z + % 

Define 

(A-30) si(x,y,t) = hi(f(x,y),t)). 

It satisfies 

^TFmF) ^ " A4 = ~ ^TFmF) (w(M) * + A "" for 1 e R - s > 

s\(x,y,t) = for y = or |(x,y)| oo 
Sq(aT, y, 0) = 0. 

Let P be the operator defined by 

8 du . 
Pu = —tt, -. ~"T7tt An. 

e(x 2 + (y+l) 2 ) dt 

Theorem IA-21 and the definition of s l ~ implies that there is a constant C independent of 
e such that 



Moreover, 



Now define 



Then 



Psi < - 



dsl. 

^(x,0)=0. 



c 

w}(x, y, t) = s\(x, y,t)-— (y 2 + y) ■ 



p w i = Pst-2j < o, 

w~(x, 0, t) = for every x G M 2 and t > 0, 
y, 0) < for | (x, y) \ — ► oo and y > 0. 



Also, 



^(x,y,0) = - 7 (2y + l)<0. 

Claim. TTie maximum of w% cannot be attained in the interior. 

If the max is attained at some point in the interior, must hold that Au)t < and > 0. 
Hence Putt > 0, which is a contradiction and finishes the proof of the claim. 

Since the maximum is attained on the boundary it must be attained at y = 0. Therefore 

dwl 



By 



(x,y,t) < for every t. 



This implies that 



ds 



C 



This procedure can be repeated for — s't, concluding that 



(A-31) 

Since the inverse function of / is 



< - (2y + l). 



1 + ew 



1 — ew 

using (|A-30p . (|A-29j) and (|A-31h we have (in complex number notation) for any w 6 Bi 

e 

that 

1 - e 2 l^l 2 



(A-32) 



\Vh l Jw,t)-(l-ewY\ <2C 



1 + e 2 1 it; | 2 — e(w + w] 



+ e 



where w is the conjugate of w. 

Similarly, if we define (by performing a rotation of /): 



9{*) 



i z 



e z + 1 



(A-33) 
and 

(A-34) r(x, y, t) = h^(g(x, y),t), 

following the same method we obtain 

l-e 2 M 2 



(A-35) 



\Vh l Jw,t) -iil + iewyl <2C 



1 + e 2 \w r + ieiw — w 



+ e 



Notice for w away from - and - holds that i(l + iew) 2 and (1 — ew) 2 are linearly independent 
as vectors in M 2 . Fixing some 5 small enough and considering w such that \w — -| > 5 and 

l-e 2 \w\ 2 



\w — -I > 5 we have that , , , 
and below independent of e. Hence 



■ , and i-e 2 M 2 

2|,„|2_ t ^„4_,7,1 T t dllU 1 + e 2| u ,|2_| 



J \w\ 2 +ie(w— w) 



(A-36) 



\\7hUw,t)\ < C for every 



w 

e 



1 

w 

e 



+ e are bounded above 



> 8. 



1 i 
e z+i 

near i and -. 



Now considering rotation of / of it and radians (that is f(z) = — -f-rj and g(z 

~ gf^f) anc ^ following the same procedure we fund bounds for X7h l Jw,t) 
concluding the proof. 

Similarly it follows 



□ 



Corollary A-2. Let be defined by \5b}) . Then there is a constant K , independent of q, 
such that for every x £ B\ 



(A-37) 



\Dkjf\ < 



K 
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